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Abstract 
Varying the rotational speed of the main rotor is one method being considered to improve the performance of future rotorcraft. 
However, changes in rotor speeds often lead to resonant interactions between rotor blade modes and the rotor’s excitation 
frequencies which increase the vibratory loads in the rotor. This research investigates the use of a compressive load to reduce a 
blade’s natural frequencies and its potential to be used as a resonance avoidance technique by improving separation between the 
natural and excitation frequencies of a blade. The research presented herein describes and validates a model of a pretwisted 
rotating beam with non-coincident mass and elastic axes with an applied compressive load. The compressive load is applied at 
the elastic axis at the tip of the beam and is orientated towards the root of the beam. The beam model is then used in a case study 
to represent the rotor blade of a typical mid-sized civilian helicopter. The case study is performed to calculate the natural 
frequencies of a compressed blade for a reduction in rotor speed of up to 40% and evaluate the performance of the compressive 
load resonance avoidance technique. The results of the case study show that the compressive load improves the separation 
between natural and excitation frequencies over the full range of rotor speeds evaluated. The improved separation allows the 
rotor to operate safely with a reduction in rotor speed of up to 19%. 
Keywords 
Boundary value problem; Blade dynamics; Variable speed rotor; Compressively loaded beams; Modal tuning; Resonance 
avoidance 
1 Introduction 
The rotary wing sector strives towards developing aircraft with increased performance capability and reduced emissions. One 
concept to achieve this is variable speed rotors which have been shown to require less power [1, 2, 3], expand flight envelopes 
[4, 5], reduce noise emissions [4, 6] and reduce fatigue , thereby reducing operating costs and allowing for relaxed maintenance 
schedules [7]. This concept is utilised in the Boeing A160T Hummingbird [8] which holds the endurance flight record for new 
and experimental technologies at over eighteen hours [9]; partly due to its ability to reduce its rotor speed by up to 40% [10]. 
The variable rotor speed concept is also utilised by tiltrotors which change their rotor configuration between helicopter mode 
and airplane mode. For instance, the V22 Osprey exhibits a reduction of 18% from the nominal rotor speed [11]. 
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Whilst variable speed rotors can achieve significant performance improvements, they encounter substantial dynamics 
complications [4, 12]. A rotor operating with insufficient separation between natural and excitation frequencies of the blade will 
incur resonance which leads to increased vibratory loads that negatively affect the blade’s structural performance. Both the 
natural and excitation frequencies depend on rotor speed. Therefore, achieving sufficient separation over a wide range of rotor 
speeds is difficult using the design of the blade alone.  
Therefore, rotorcraft are traditionally designed to operate at a fixed rotor speed with sufficient separation between all natural and 
excitation frequencies. If the benefits of variable speed rotors are to be fully utilised, a method to avoid these resonances or 
minimise their consequences must be developed. 
Existing active methods for vibration control, such as Individual Blade Control [13, 14], may potentially be adapted to overcome 
the dynamics problems associated with variable speed rotors. However, active methods are often complex, heavy and have 
significant power requirements; typically, about 1% of vehicle weight and 3% of installed power [15]. Active methods also have 
the potential to exacerbate vibration problems during power failure [16]. Embedded dampers [10] are one passive method that 
have been explored to control loads in variable speed rotors. Whilst good results have been shown, this method is traditionally 
used to target a single predefined frequency. Alternatively, resonance avoidance can be achieved in variable speed rotors by 
designing stiff blades with natural frequencies that are high enough to avoid interactions with the excitation frequencies with the 
highest energy. However, this increase in stiffness can lead to a 34% increase in blade mass when compared to a conventional 
blade [1]. 
The potential of a compressive load to reduce a blade’s natural frequencies and be used as a resonance avoidance technique is 
studied in this paper. The use of compressive loading to control the dynamic properties of helicopter tail booms has previously 
been studied [17]. However, the use of compressive loading to alter the dynamic properties of a rotor blade is a novel area of 
research. In previous work [18, 19], it has been demonstrated that reductions in natural frequencies of up to 10% of the rotor 
frequency can be achieved for the simplified case of uncoupled motions. In this study, the compressive load is modelled as a 
force as this allows the effects of the force to be isolated from any secondary effects of the load application system [18, 20]. The 
load application system and any associated effects of it are considered a separate area of research. The research presented herein 
aims to validate the modelling technique for a pretwisted rotating beam with non-coincident mass and elastic axes and to 
demonstrate the potential of compressive loading as a resonance avoidance technique for variable speed rotors. 
The paper is organised as follows: in section 2 a beam model with coupled motions and an applied compressive load is presented; 
in section 3 the frequency calculations of this model are verified and validated against those from a bench-top experiment and a 
Finite Element (FE) model; finally, in section 4 the developed model is used in a case study to demonstrate the ability of 
compressive loading to increase the separation between natural and excitation frequencies for a mid-sized civilian rotorcraft with 
a variable speed rotor. 
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2 Mathematical model of a rotating beam subjected to compressive load 
To investigate the influence of compressive loading on a rotor blade’s dynamic properties a suitable low order model is 
developed. Due to the prismatic nature and high aspect ratio of rotor blades, typical values between 10 and 20 [21], it is common 
to model them as beams. Whilst the method for applying the compressive load is not considered explicitly, it is expected that it 
will consist of a tendon attached to the tip of the blade and actuated from the blade’s root. Therefore, the force used in the model 
will be situated at the tip of the deformed blade and orientated towards its root as visualised in Fig. 1; where x, y, z  represent 
the orthogonal coordinate system defined such that the x axis rotates with the beam and lies along the initial undeformed position 
of the elastic axis and the z axis is the axis of rotation, R is the radius of the beam, R0 is the radial location of the beam’s root, 
and Ω is the angular velocity of rotation. 
 
Fig. 1. Compressive loading concept 
The equations of motion derived by Houbolt and Brooks [22] represent rotating pretwisted beams with non-coincident mass and 
elastic axes that exhibit coupling between their torsional motion and their translational motion in- and out-of- the plane of 
rotation. Due to their ability to capture such phenomena they are ideally suited for modelling rotor blades, as shown by their 
adoption in industry developed blade analysis codes, J134 [23] and S4 [24]. Therefore, the subsequent mathematical model shall 
be based upon these equations. 
2.1 Boundary value problem  
The model is formulated as an eigenvalue Boundary Value Problem (BVP) and solved numerically using a collocation method 
[25]. The results are used to provide the modal properties of a rotating beam over a range of predefined rotor speeds and 
compressive loads. 
2.1.1 Field equations 
The aforementioned equations of Houbolt and Brooks [22] are a set of three, linear, non-homogenous, partial differential 












neglects the sectional transverse shear deformation, rotary inertia effects and warping [26]. It is assumed that the motion of the 
beam is harmonic (normal mode assumption) which allows the principle of separation of variables to be employed, such that the 
temporal domain is removed. The resulting equations are a set of Ordinary Differential Equations (ODEs) that are used to 
evaluate the modal properties of the beam 
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where v(x) and w(x) are the transversal deformations in- and out-of- the plane of rotation, respectively, ϕ(x) is the angle of 
twist deformation, e is the distance between the mass and the elastic axis, eA is the distance between the area centroid of the 
tensile member and the elastic axis, e0 is the fore-aft distance at the root between the elastic axis and the z axis about which the 
beam is rotating, J is the torsional stiffness constant, kA is the polar radius of gyration of the cross-sectional area, km is the polar 
radius of gyration of the cross-sectional mass about the elastic axis, km1 and km2 are the mass radii of gyration about the major 
neutral axis and about a perpendicular axis through the elastic axis respectively, T(x) is the tension, β(x) is the beam pretwist 
prior to any deformation, [ ]’ is the derivative with respect to x. 
2.1.2 Compressive load model 
In this study the applied compressive load is modelled as a force at the elastic axis of the tip of the beam directed towards its 
root. This load is decomposed into forces acting along the undeformed x, y and z axes, similarly to [27], as seen in Fig. 2 where 
P is the applied compressive load and Px, Py and Pz are the compressive load components in the x, y, z directions respectively as 
defined below using the geometry of the deformed beam. 
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Fig. 2. Schematic of compressive force decomposition 
The components of the compressive load are defined using the geometry of the beam and its deformation as seen in Eq (2). 
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The internal tension in the beam is governed by two separate effects. The first effect pertains to the centrifugal force and is 
governed by the mass of the beam and its rotational speed. The second effect is the reduction in tension due to the component of 
the compressive load acting along the x axis. The internal tension, defined below, is present in the field equations, Eq. (1), and 
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For this research, the force is directed towards the root as this is a possible point of attachment of a system used to apply the 
compressive loading. However, an additional benefit of this modelling methodology is that it could be generalised, by modifying 
Eq. (3), for an arbitrary tendon orientation which would benefit future investigations into alternative attachment locations, such 
as the pitch horn or rotor hub. 
2.1.3 Boundary conditions 
Cantilevered boundary conditions are enforced to represent a bearingless hub as can be found in modern helicopters. The 
boundary conditions at the root of the beam,  = , consist of constraining displacements and slopes to zero as defined in Eq. 
(5). 
 = 0 
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The conditions enforced at the tip of the beam,  = , ensure force and moment equilibriums between the internal beam loads 
and any applied loads. Traditional cantilevered boundary conditions have no applied loads at the tip and can be expressed as in 
Eq. (6) [22] 
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where Q is the internal torque about the elastic axis, My and Mz are the internal moments about the y and z axes, Fy and Fz are 
internal shear forces in the y, z directions. These terms are defined as follows  
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These boundary conditions are modified here to include the effects of the compressive load. The influence of the component of 
the compressive load in the x direction is present in Eq. (7) via the terms containing T, as can be seen from Eq. (4). The 
components of the compressive load in the y and z directions are included as applied forces in the boundary conditions. Due to 
the definition of these forces seen in Fig. 2, a negative sign is introduced to ensure both the internal and applied loads are positive 
when acting in the y, z directions. The inclusion of these forces results in the following boundary conditions. 
 = 0 
(8) 
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A final boundary condition at the tip of the beam is introduced to normalise the eigenvectors. This condition is formulated such 
that it captures the magnitude of the deformation in each direction. This necessitates a scaling term for the torsion deformation 
to compare it with the in-plane and out-of-plane translations. 
 + + # = 1 (9) 
where α is a scaling term chosen based on a characteristic cross-section dimension. 
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2.2 BVP solution approach 
Collocation is used to numerically solve the BVP, described in 2.1. The collocation solver used is bvp4c, a native solver within 
MatLab [28]. In addition to the BVP, an initial estimate for the solution is required. This initial estimate must be sufficiently 
similar to the final solution to ensure that the solver converges to the desired solution. 
To calculate a suitable initial estimate for the eigenvalue analysis, an associated harmonic BVP is formulated. This BVP omits 
the modeshape normalisation condition, Eq. (9), and introduces additional harmonic forcing. The forcing is formulated as a set 
of three orthogonal moments of magnitude Mexcite, oscillating at a frequency, ω, in the in-plane, out-of-plane and torsional 
directions at the tip of the beam. These forcing moments are implemented as additional moments in the moment and torque 
boundary conditions defined in Eq. (8). The solutions of this BVP are the forced responses which are used to identify potential 
modes within the frequency domain and provide initial estimates for the eigenvalue analyses. 
2.3 Parametric analysis procedure 
A two-part procedure is used to calculate the modal properties of the beam over a range of rotor speeds and compressive loads. 
In part one, the desired number of modes are calculated for a single value of rotor speed and compressive load. Once the desired 
modes have been obtained, part two recalculates these modes for each combination of rotor speed and compressive load. 
The first part of this procedure, to calculate the modes at a single rotor speed and compressive load, uses a combination of 
harmonic and eigenvalue analyses. A frequency sweep using harmonic analyses is performed. The sweep is initialised at a low 
frequency using an analytical solution for an uncoupled beam [29] as the initial estimate for the solver. The frequency is then 
incrementally increased and the solution from the previous iteration is used as the initial estimate for the current iteration. The 
size of the frequency step, ∆ω, is chosen to ensure a numerically stable solution procedure. 
The solutions of these harmonic analyses are used to identify the presence of a mode using two separate identification conditions. 
One condition identifies resonance using the response of the tip of the beam and the other condition evaluates the orthogonality 
of the response shape against a known modeshape [30]. The combination of these two conditions ensures a robust identification 
of all modes. 
Once a mode is detected by either of these conditions, the closest corresponding harmonic response is used as the initial estimate 
to initialise an eigenvalue analysis that calculates the natural frequency and mode shape. This process is repeated until the desired 
number of modes have been calculated and is shown in Fig. 3. 
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Fig. 3. Process of natural frequency and mode shape calculation for initial rotor speed and compressive load. 
Once the natural frequencies are calculated for a single value of rotor speed and compressive load in part one, the natural 
frequencies for all the combinations of the predefined rotor speed and compressive loading ranges are calculated. Firstly, a sweep 
of rotor speeds is performed while the compressive load remains constant. The rotor speed is incrementally increased, and 
eigenvalue analysis is performed to calculate natural frequency and mode shape for each mode in turn. The initial estimate 
provided is the solution from the previous rotor speed. Once one rotor speed sweep is completed, the compressive load is 
incrementally increased and the previously described sweep of rotor speed values is repeated. This procedure results in natural 
frequencies for each desired mode at every combination of rotor speed and compressive loading. 
3 Model verification and validation 
To verify that the model has been developed correctly and validate that it is capable of capturing the phenomena required, two 
complementary studies are performed. Firstly, an experimental study is used to demonstrate that the changes in the natural 
frequency with applied load are correctly captured by the model. Then, a high-fidelity Finite Element (FE) model is used to 
validate the results for a pretwisted, rotating beam that was not considered in the experiment. 
3.1 Experiment 
The focus of this research is to investigate the effects of the compressive load in isolation from the system used to apply it. 
However, this idealisation is not possible to achieve experimentally due to the inevitable presence of a system to apply the 
compressive load. For the experiment, a tendon, tensioned gravitationally using masses, is used to apply the compressive force. 
The use of a tendon as a loading application system will impact the results of the experiment and therefore the comparison with 
the model. It is acknowledged that the resulting validation will be limited due to the presence of the tendon. 
Similar experiments on the dynamics of compressively loaded beams were performed in [18]. However, doubly symmetric cross-
sections were used which exhibited no coupling between the different motion types. The experiment presented herein considers 
a singly symmetric cross-section to ensure bending-twist coupling is present. 
Omega = initial rotor speed 
P = initial compressive load 
ω = ~0 
initial shape = analytical solution 
while not all modes found 
forced response = harmonic analysis (initial shape) 
if response indicates mode 
eigenvalue = eigenvalue analysis (forced response) 
end 
ω = ω + ∆ω 
initial shape = forced response  
end 
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3.1.1 Experimental setup description 
The bench-top experiment can be seen in Fig. 4. The beam, described later in section 3.1.3, is rigidly clamped at the root and 
free at the tip. The tendon is attached to a plug-type insert secured at the tip of the beam and passes freely inside the beam towards 
the clamp at the root where its flexural motion is constrained. The tendon continues through the clamp, over a pulley and is 
attached to a hanging platform. The tension of the tendon, and hence the compressive load applied to the beam, is controlled by 






Fig. 4. Experimental set-up. (a) Schematic of the test beam. (b) Full experimental configuration. 
The beam is excited using an electromagnetic modal shaker to obtain frequency response functions. The shaker is preferred to a 
modal hammer because of the repeatability that is required due to a large number of measurements needed to validate the 
theoretical model for a wide range of compressive loading configurations. Filtered pseudo-random excitation, which linearises 
possible weak non-linearities, is used to excite the frequency range between 5 and 150 Hz. To uphold the linear assumptions of 
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the model, excitation magnitudes remain small to ensure the displacements of the beam and tendon were also small. This has the 
additional benefit of ensuring that no contact between the beam and the tendon, other than those prescribed at the root and tip, is 
observed. The response data was collected from the tip using two single-axis piezoelectric accelerometers placed perpendicularly 
to each other. 
The input force and response data were used to estimate frequency response functions using the Hv-estimator [31] for each 
compressive loading configuration. The compressive load is increased from 1 to 44 kg in one kilogram increments. The natural 
frequencies were estimated using the Least-Square Complex Frequency estimator [32]. 
3.1.2 Mathematical model for experiment 
The tip insert used to attach the tendon to the tip of the beam is not included in the original mathematical model described in 
section 2. Therefore, the inertial forces and torques generated by the motion of the tip insert are included in the model for the 
purposes of the experimental validation. The boundary conditions for the tip of the beam, originally defined in Eq. (8), become 
 =   
(10) 
!	 = !
 = 0 





where Qtip is the inertial torque about the elastic axis due to the tip insert, Fy,tip and Fz,tip are the inertial forces in the y and z 
directions due to the inertia of the tip insert. The expressions for these terms are calculated about the centre of mass of the tip 
insert and subsequently translated to the elastic axis of the beam and are defined such that 
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where mtip is the mass of the tip insert etip is the distance between the centre of gravity of the tip mass and the elastic axis of the 
beam, and km,tip is the polar radius of gyration of the tip mass about its centre of gravity. 
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3.1.3 Beam description 
A thin-walled beam with a channel cross-section and reinforcing braces is used in the experiment. To ensure an observable 
change in frequency within the allowable loading range, the sensitivity to the compressive loading is accentuated by using a thin-
walled cross-section to create a low-stiffness beam. To induce the bending-torsion coupling that is observed in modern rotorcraft 
blades, a channel section was chosen to provide a chordwise asymmetry to the profile. To reduce the sectional warping effects 
introduced by the thin-walled profile, the beam is reinforced with five 10mm wide braces equally spaced along the length of the 
beam (see Fig. 4). However, the braces will remove the constant, prismatic nature of the beam. 
The experimental beam has 6 vibration modes between 5 and 150 Hz. Two are in-plane bending modes (marked as I1 and I2) 
and four are coupled out-of-plane bending-torsion (marked as O-T1 to O-T4). Due to the high levels of coupling between the 
out-of-plane and torsional motions, it was not possible to distinguish between the out-of-plane and torsionally dominated modes. 
The nominal properties of the non-braced sections of the beam seen in Fig. 4 are summarised in Table 1. Other parameters can 
be computed from the above parameters in a standard manner outlined in [22, 33]. 
Table 1 
Beam properties for experimental beam 
Property Value  Property Value 
E [GPa] 70  I1 [m4] 2.32 x 10-9 
G [GPa] 26.3  I2 [m4] 5.00 x 10-9 
A [m2] 9.18 x 10-5  e [m] 0.0195 
R [m] 1  km,tip [m] 0.0125 
m [kg m-1] 0.2478  etip [m] 0.0160 
J [m4] 7.77 x 10-11  mtip [kg] 0.0269 
 
3.1.4 Updating of beam parameters for baseline unloaded case 
Before including the compressive loading in the experiment, the model of the beam without the tendon is validated. The purpose 
of this step is to evaluate and improve the underlying model of the beam, prior to any compressive force or effects of the tendon’s 
dynamics. 
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The errors in the natural frequency values between the model and experiment are presented in Fig. 5 for three cases. Firstly, 
using the original parameters and with no tip mass. Secondly, using the updated parameters and with no tip mass. Thirdly, using 
the previously updated parameters with tip mass. These frequency errors form the basis for the metric used to update the 
parameters and improve the underlying model of the beam. 
 
Fig. 5. Comparison of the absolute errors between the computed and experimentally measured frequencies. 
It can be seen that the error for the model with the originally calculated parameters and no tip mass included is greater than 5% 
for almost all modes. These errors can be attributed to a combination of beam geometry tolerances, material parameters 
uncertainty, warping effects, the non-prismatic nature of the beam and the imperfect enforcement of the boundary conditions in 
the experiment. Therefore, a selection of the model’s parameters are updated to reduce these errors. The parameters that are 
updated are limited to the geometric parameters which influence the beam's stiffness properties (I1, I2 and J) and the distance 
between the mass and elastic axis (e) as these are difficult to measure directly. For the updating procedure itself, an interior-point 
optimisation [34] is used to reduce the mean of the square of the frequency errors. This updating procedure reduces the errors of 
all but one mode to within 5% (the blue bars in Fig. 5). The updated beam properties are summarised in Table 2. 
Table 2 
Updated properties for experimental beam 
and change from their original value 
Property Value Change, % 
I1 [m4] 2.34 x 10-9 +1.07 
I2 [m4] 4.06 x 10-9 -18.85 
J [m4] 9.00 x 10-11 +15.83 
e [m] 0.0200 +2.77 
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After updating, the errors are considered when the tip insert is included (the green bars in Fig. 5). It can be seen that the increases 
in errors due to the tip mass are moderate which indicates the inertial effects of the tip insert are sufficiently captured in the 
boundary conditions. 
Despite the updating of the parameters, significant errors remain present across all modes. The magnitude of these errors and 
their presence across all modes indicates that the model’s ability to represent the experimental beam is limited. However, the 
purpose of the experiment is to evaluate the model’s ability to capture the changes in frequency achieved using compressive 
loading and not to study the impact of violating beam assumptions of the underlying beam model. Subsequent analysis shall 
consider only the change in frequency with compressive load, not the absolute errors between the experimental and modelled 
frequency values. 
3.1.5 Validation of the effects of compressive loading on frequency 
Once the baseline beam model is updated, the effect of compressive load is considered. The tendon loading is increased from 1 
to 44 kg and the change in the natural frequency of the first six beam modes is observed. The change in these frequencies 





Fig. 6. Change in natural frequency with compressive load. The experimental data points (red), the guiding lines (blue) and the 
beam model results (green) are shown. (a) O-T1. (b) I1. (c) O-T2. (d) O-T3. (e) I2. (f) O-T4. 
 
It can be seen in Fig. 6 (a) and (b) that there is no interaction with the dynamics of the tendon. However, Fig. 6 (c) to (e) shows 
there are multiple regions where the dynamics of the tendon interact with the dynamics of the beam due to a phenomenon known 
as veering [7, 20, 35, 36]. As previously stated, the purpose of this research is to investigate the effects of the compressive load 
in isolation from the method for applying the load. The load application method and the associated effects that it incurs are not 
studied here. Subsequently, the dynamics of the tendon are not considered in this experiment. A set of guiding lines are created 
using a polynomial least-squares fit of the experimental data points away from the regions affected by veering. These lines 
visualise the effects of the tendon’s load and omit the coupled beam-tendon dynamics in the veering regions. The guiding line 
for the first mode (O-T1), shown in Fig. 6 (a), is quadratic but for the other modes is linear as the veering obscures the change 
in gradient of the experimental data points. 
It can be seen that the trends of the guiding lines are consistent with the predictions of the model for the majority of the modes 
in terms of direction, magnitude and curvature. The discrepancies in the trends can be attributed to the tendon’s dynamics and 
errors in the underlying beam model. The mode with the largest discrepancy (O-T2) is also the mode with the largest underlying 
beam model error in section 3.1.4. This indicates that the source of the error in the underlying beam model also affects the ability 
to model the effect of the compressive load. 
As it was not possible to completely supress all the effects of the tendon from the experimental results, an imperfect match was 
inevitable. However, the similarity in the predicted and measured trends and their gradients demonstrates that the model is 
capable of correctly capturing the change in natural frequency due to compressive loading and that the methodology of modelling 
the compressive load as a point force is suitable for use in future studies. It is, however, appreciated that the method of applying 
compressive load influences the beam’s dynamics significantly. It is accepted that the lack of load application system is a 
limitation of the model but also invites future research in to what method of compressive load application should be used [37]. 
3.2 Finite element model 
An FE model is used to complement the experimental validation of the model by focusing on the capability of the model to 
represent a fully coupled rotating beam with pretwist. Additionally, this study uses a beam with a constant and closed cross-
section, thereby providing conditions under which the Euler-Bernoulli assumptions are upheld. 
3.2.1 Model description 
The beam used for this analysis has a hollow rectangular cross-section with one axis of symmetry along the major neutral axis, 
as seen in Fig. 7. The asymmetry along the minor neutral axis creates an offset between the mass axis and elastic axis. The 
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dimensions of the beam are chosen such that the cross-section is closed but exhibits similar stiffnesses, mass and offset between 
the mass and elastic axes to a realistic rotor blade. This beam was modelled in Abaqus [38] using approximately 470,000 brick 
elements with a fully fixed root. For the analysis using the beam model the cross-section properties were calculated using SaaS 






Fig. 7. Beam section used in FE analysis. (a) Cross-section dimensions – all values in mm. (b) Beam meshed in Abaqus  
 
Table 3 
Beam properties for FE analysis 
Property Value  Property Value 
E [GPa] 69  Ω [rads-1] 50 
G [GPa] 26.5  R [m] 5.5 
ρ [kgm-3] 2700  R0 [m] 0.5 
β(R0) [o] 16  eo [m] 0.0200 












The compressive load is modelled based on the same approach introduced in section 2.1.2. The force Px is applied as a constant 
force at the elastic axis of the tip (shown in Fig. 7) orientated towards the axis of rotation. The in-plane and out-of-plane forces 
due to the compressive load, Py and Pz (see Eq (3)), can be modelled as linear springs with the stiffness defined as   − ⁄  
as has been noted previously in [27]. Here, these forces are applied via two grounded unidirectional springs (one for Py and one 
for Pz) attached at the elastic axis at the tip of the beam. 
3.2.2 Validation of compressively loaded rotating pretwisted beam 
The beam model and the FE model are used to calculate the natural frequencies of the first torsion (T1), first four out-of-plane 
modes (O1-O4) and first two in-plane modes (I1-I2). These values are calculated in the range of rotor speeds between 60%-
100% of the nominal value stated in Table 3. 
The critical load that leads to the loss of structural stability can be defined as the compressive load at which the lowest natural 
frequency equals zero [27, 40, 41]. In this work, this load is calculated at the lowest rotor speed considered (60% of nominal) to 
ensure a conservative limit. For this study, this critical load is calculated to be 55.12 kN. The maximum compressive load 
considered for this validation study is chosen to be 75% of this load, 41.34 kN to further ensure this instability is not encountered. 
 
Fig. 8. Comparison of the natural frequencies for the rotating beam calculated using the beam model and an FE model. 
The frequency loci shown in Fig. 8 feature very good correlation between the beam model and the FE model. The beam model 
slightly overpredicts the frequencies of the transversal bending motions and the magnitude of this error is larger in the higher 
order modes. This is expected as the equations of motion used are based on Euler-Bernoulli bending theory which overestimates 
the natural frequencies of higher order modes due to the omission of transverse shear deformation [42]. The discrepancies are 
consistent between the loaded and unloaded cases and all errors are less than 1.3%. 
The combination of the experimental and FE analyses validates the ability of the model to predict the natural frequencies of a 
pretwisted rotating beam with an applied compressive load. 
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4 Resonance avoidance in variable speed rotors 
This section uses the previously described and validated model in the context of a rotor blade. Initially, the resonance problems 
in variable speed rotors are exemplified. Then the ability of a compressive load and optimal tuning to avoid these resonances is 
assessed. 
The test case considered is a bearingless blade with properties and operating conditions representing the MBB Bo 105 helicopter 
[43] as summarised in Table 4. The model described in section 2 is used to calculate the frequencies of the first torsion (T1), first 
four out-of-plane modes (O1-O4) and first two in-plane modes (I1-I2), across the chosen range of loads and rotor speeds. The 
assessed range of rotor speeds is 60%-100% of nominal value. The upper limit of the compressive load considered is calculated 
to be 15.86 kN as described in section 3.2.2. 
Table 4 
Blade properties and operating conditions for the MBB 
Bo 105 
Property Value  Property Value 
E [GPa] 69  I1 [m4] 9.92 x10-8 
G [GPa] 26.5  I2 [m4] 2.47 x10-6 
ρ [kgm-3] 2700  J [m4] 1.65 x10-7 
R0 [m] 0.38  e [m] -0.0195 
R [m] 4.91  eo [m] 0.0189 
β(R0) [o] 15  A [m2] 2.80 x10-3 
β(R) [o] 7  Ω [rads-1] 44.51 
4.1 Resonance in a variable speed rotor without compressive loading 
Rotor blade modes without compressive loading are calculated to highlight the potential resonant interactions encountered when 
varying rotor speed. The natural frequencies and harmonics of the rotor speed are presented in Fig. 9 (a). From this diagram, it 
can be seen that there are multiple rotor speeds where the natural frequencies cross the rotor speed harmonics indicating potential 
blade resonances. 
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To quantify the proximity of a mode to resonance the metric referred to as the minimum modal separation (MMS) is used. At 
each rotor speed, the difference between each mode and its closest rotor harmonic is calculated as a fraction of the rotor speed, 
as seen in Fig. 9 (b). The minimum modal separation is the minimum of these difference across all modes. This can be defined 
mathematically according to Eq. (12), and is shown in Fig. 9 (b). MMS is used as the metric to avoid resonance; this is a 
traditional approach to the dynamic design of rotorcraft blades [44] and is therefore also adopted herein. 













Fig. 9. Resonant regions of the variable speed rotor without compressive loading (a) Campbell diagram. (b) Separation of each 
mode from its nearest rotor harmonic. 
It can be seen in Fig. 9 (b) that at the nominal rotor speed, the minimum separation is dictated by the first out-of-plane mode. 
The MMS at this rotor speed is 11.38% which shall be used as the reference for an acceptable level of separation throughout this 
case-study. At 94.5% of the nominal rotor speed, the second in-plane mode dictates the MMS and it begins to decrease as the 
rotor slows, dropping below the acceptable MMS level at 94%. It can be seen that there are multiple regions where the MMS is 
below the acceptable level and that these regions are dictated by many different modes. Therefore, the ability of compressive 
loading to alter many modes will be vital to achieving an acceptable MMS over the range of rotor speeds desired. 
4.2 Resonance avoidance using compressive load 
The concept of using compressive loading to alter the natural frequencies as a means of avoiding resonance shall now be 
investigated. For each combination of rotor speed and compressive loading, the MMS is calculated as follows. 









Subsequently, the compressive load which yields the greatest MMS value is identified for each rotor speed and used as the 
optimum loading profile presented in Fig. 10. The natural and excitation frequencies over the investigated range of rotor speeds 










Fig. 11. Campbell diagram with optimum changes in the blade natural frequencies. 
Starting from 100% of the nominal rotor speed, Fig. 10 shows the optimum loading is 0 kN until 94.5%, resulting in an optimum 
separation identical to the unloaded case. This occurs because the first out-of-plane mode governs separation for this region and 
any compressive loading would reduce this frequency separation. The next region, from 94.5% to 84%, exhibits a gradual 
increase in optimal compressive load up to 11.92 kN, which is 56% of the critical load. This compressive load reduces the second 
in-plane mode and resulting in an acceptable MMS level. At 84% of the nominal rotor speed, the unloaded second in-plane mode 
has completely crossed the excitation frequency, as seen in Fig. 11, and the maximum separation is once again obtained with no 
compressive loading. The separation for the next region, from 84% to 74%, is dictated by the third out-of-plane and first torsional 
mode. The third out-of-plane mode is sensitive to compressive loading but the torsional mode is not, resulting in minimal 
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improvements in separation. From 74% to 68% and 66% to 60% the separation is dictated by the first in-plane mode which is 
relatively insensitive to loading. This insensitivity results in a modest improvement to MMS. Conversely, the resonance of the 
second in-plane mode at 67% is very sensitive and can therefore be almost completely avoided. 
It has been demonstrated that the compressive load can improve separation across the range of rotor speeds, thus facilitating a 
significant improvement in the allowable reduction of rotor speed. For the baseline case with no loading, a 6% reduction from 
the nominal rotor speed is possible, but for the optimally loaded case, an 18.2% reduction is possible. Additionally, this study 
has highlighted the importance of the differing sensitivities of each mode. Modes such as the first in-plane and first torsion 
demonstrated minimal sensitivity to the compressive loading and therefore avoiding resonances with these modes was not 
possible. 
5 Discussion 
The model used in this study has been validated using a combination of an experiment and FE analysis. The experiment was 
conducted using a beam with a thin-walled open cross-section and short bracing segments to maximise sensitivity to loading and 
introduce the coupling between the torsional and out-of-plane bending motions whilst minimising cross-sectional warping 
effects. The beam was loaded using a tendon to apply the compressive load. The comparison of the measured and predicted 
frequencies provided two main conclusions. Firstly, it validated the model’s ability to capture the main effects of the compressive 
load and the proposed methodology used to model the compressive load as a point force. The predicted and observed changes in 
the natural frequencies caused by the compressive load agreed. The discrepancies can be attributed to the dynamics of the tendon 
in the experiment, the non-prismatic nature of the beam and the violation of the Euler-Bernoulli assumptions due to thin-walled 
open cross-section used in the experiment. Secondly, the lack of pretwist and rotation as well as the violation of the Euler-
Bernoulli assumptions and the non-constant cross-section prohibited the experiment from providing a comprehensive validation 
of the beam model. An FE model was used to represent a pretwisted rotating beam with a closed asymmetric cross-section and 
a compressive load applied using a combination of a constant point forces and transversally oriented spring elements applied at 
the tip of the beam. The comparison of the Campbell diagrams produced for an unloaded and highly loaded case show very good 
agreement, with all errors less than 1.3%. As well as validating the underlying beam model, this comparison also provides good 
verification of the implementation of the compressive load. It can be seen in Fig. 6 that the predicted changes in natural frequency 
exceed those observed experimentally; something which is not present in the FE validation. Whilst this suggests that the model 
developed is non-conservative, it could be considered as a theoretical capability for which the load application system should be 
designed to meet this capability as closely as possible. 
A case study was used to investigate the potential of compressive load to alleviate the dynamics problems associated with variable 
speed rotors. The natural frequencies of an MBB Bo105 rotor blade were calculated for compressive loads up to 75% of the 
critical value and up to a 40% reduction in the rotor speed to investigate the likely operational range of the variable speed rotor 
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concept [9, 10]. At each rotor speed the minimum modal separation was calculated to indicate the proximity of resonance. In the 
course of this study an optimal loading profile was created for the selected range of rotor speeds. It was shown that loading 
profile maximises the aforementioned MMS. This optimum loading profile significantly improves the frequency separation over 
the desired range of rotor speeds and would therefore facilitate a significant increase in the range of operational rotor speeds. 
A number of assumptions were made within the model which lead to limitations in its use. The use of an Euler-Bernoulli 
formulation reduces the validity when deflections are large or there is cross-sectional warping. The validation of the model was 
performed for compressive loads of up to 75% of the critical value. There are multiple factors such as structural damping, 
coupling of composite beams and external forces, such as aerodynamics, which were not considered in this study and may 
influence the performance of the concept. 
Subsequent investigations must be completed to understand the impact of compressive loading on a rotor blades’ dynamic 
behaviour with aerodynamic forcing from realistic operating conditions such as hover and forward flight. The case study 
highlights that the magnitude of separation change varies between modes. Therefore, future investigations should consider 
vibratory loads, not frequency separation as the determining factor. Finally, the actuation method should be considered to 
evaluate its requirements and their implications on rotor performance, such as mass and power penalties as well as the impact of 
their own dynamics on the blade and the compressive loading effect. 
6 Conclusion 
This paper presents a model of a pretwisted rotating beam with fully coupled in-plane, out-of-plane and torsional motions with 
an applied compressive load. The compressive load is applied at the tip of the beam, orientated towards its root and modelled as 
a decomposition into forces along the undeformed x, y and z axes. The system is modelled using a set of coupled ordinary 
differential equations formulated in to a boundary value problem and solved using a collocation method to obtain the modal 
properties. Using a combination of experimental and FE results, the model of the beam and the applied force are validated and 
the modelling limitations are identified and discussed. A case study is performed using the model to investigate the capability of 
compressive loading to be used as a resonance avoidance technique for variable speed rotors. The study shows that significant 
alterations to the blade’s natural frequencies can be achieved with compressive loads. This ability to alter the blade’s frequencies 
allows improved separation between the natural and excitation frequencies when compared to the baseline unloaded case. The 
improved separation over the range of rotor speeds investigated implies that compressive loading could be utilised as a resonance 
avoidance method for variable speed rotors. 
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